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Abstract: Complex numbers are an extension of the real number system and can be
written in the form a + bi, where a and b are both real numbers and i = V(- 1). The
quaternions are just an extension of this complex number form. It was observed that
Mixed Numbers are also the extension of complex numbers.
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1. Extension of Complex Numbers
(a) By Quaternions
A quaternion is usually written as'*”

q=a+bi+cj+dk

where a, b, ¢ and d are scalar values and i, j and k are unique quaternions with the
properties that*

i‘=-1, j*=-1, K=-1
and
ij=k, jk=i, ki=j, ji=-1, kj=-1, ik=-]

This is clearly an extension of the complex number system, where the complex numbers
are those quaternions that have ¢ = d = 0 and the real numbers are those that have b =c =
d=0.

The addition of two quaternions q; = a; + bji + ¢;j + djk and qx = a, + bai + ¢of +
dzk 1s

q1+q2:(8.1 +a2)+(b1+b2)i+(c1 +Cz)j +(d1+d2)k .................... (1)

let aj=a, bjitcjj+dk=Aa,=band byi+cyj +dk=B
then q =a+Aandq;=b+B

The product of these two quaternions is

qp=(@+A)b+B)==ab—-AB+aB+bA+AxB . ......... (2)
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(b) By Mixed Numbers
Mixed number’ a is the sum of a scalar x and a vector A, i.e. o = x + A.
The product of two mixed numbers is defined as’

afp=x+A)y+B)=xy+AB+xB+yA+iAxB . ... (3)
Let A1i+A2j +A3k=A and Bli+B2j +B3k= B
then oaf=x+A)y+B)=(x+Aji+ A+ Ask)(y+Bji+B,j+Bsk)

or, aff = xy + x Bji + x Byj + x B3k + yAi + A;Bjii + A;Bqij + AjBsik + yAsj + AyByji
+ AsBsjj + AxBsjk +y Ask + AsBiki + AsBokj + A3Bskk

or, OLB = ( Xy + AlBlll + Aszjj + A3B3kk ) +X (Bll + sz + B3k ) + y(Ali + Az_] + A3k )
+ (AsBsjk + A3Bokj ) + (A3Biki + A;Bsik ) + (A;Baij + A,Biji)

or, O(.B = ( Xy + A]B]ii + Aszjj + A3B3kk ) +xB+ yA + (A2B3jk + A3B2kj ) + (A3B1ki
+ A1B3ik ) + (A1Baij + AoBiji) . 4)

The left side of equation (3) and (4) are same, therefore the right side of these
two equations must be same. Therefore we can write

xy + A.B + xB + yA +1AxB = ( xy + A Bjii + A;B»jj + AsBskk ) + x B + yA + (A;Bsjk
+ A3Bokj ) + (AsBiki + ABsik ) + (A1Baij + AyBiji)

or, A.B + iAxB = ( A|Bjii + A;Bjj + A3B3kk ) + (AngJk + A3B2kj ) + (A3B ki +
AiBsik ) + (A1Baij + AxBiji) . e e . (5

Let ii= jj=kk=1
and ij=ik, jk=1i, ki=ij, ji=-1i, kj=-11i, ik=-1j
where i = (- 1).

Using these values in equation (5) we see that the left side and right side of this
equation are same. Therefore from the mixed number algebra we get the properties of i, j
and k are

ii=jj=kk=1liec.i’=1,j7=1,K=1
and ij=ik, jk=1ii, ki=ij, ji=-1ii, kj=-1i, ik=-1]j

where i = V(- 1).



Again mixed number oo = x + A = ( x + Aji + Ayj + Ask ) where x, Aj, Ay and
Aj are scalar values and i, j and k are unique Mixed Numbers with the properties that

ii=jj=kk=1lie.i’=1,j=1,kK' =1
and  ij=ik, jk=ii, ki=ij, ji=-ii, kj=-ii, ik=-1j
where i = V(- 1).

This is also clearly an extension of the complex number system, where the complex
numbers are those Mixed Numbers that have A, = Az = 0 and the real numbers are those
that have A; = A, = A3 =0.

2. Conclusion

Mixed numbers are the extension of complex numbers like quaternions but the
properties of unique quaternions and the properties of unique mixed numbers are
different.
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